We analyze the structure of the group of (local) non-linear canonical transformations that exist in a system with n fermionic modes. To perform our study we develop an alternative framework to represent the generators of these canonical transformations; indeed we show how their definition, understanding and control is significantly improved using the Majorana fermion representation. These canonical transformations have the structure of a Lie group and we provide a representation for the elements of the Lie algebra that is very convenient both conceptually and practically (computationally): indeed our framework yields as side product an extremely effective tool to handle and work with SU (2 n ) Lie groups and algebras. Granting an enhanced control of the group of non-linear canonical transformation, our framework can be helpful in the study of strongly correlated electron systems, since it allows to easily identify fermionic degrees of freedom able to capture part of the correlations and thus may give a simpler representation of the Hamiltonian. Thanks to our analysis, also symmetry-based studies of the quantum Hamiltonians can be improved, since the simple representation of the generators of the canonical group permits to identify and understand otherwise hidden symmetries of difficult interpretation. The main aim of this work is to provide a comprehensive, general and scrupulous analysis of this framework, that we already applied in some circumstances. Therefore specific applications will not be presented in detail, since they can be found elsewhere, while only the formal and conceptual aspects will be developed thoroughly.
I. INTRODUCTION
The absence of a universally accepted strategy for the study of strongly correlated electron systems (SCES) is one of the major obstacles for physicists attempting their study. Although many numerical and analytical techniques have been developed to perform the analysis of an increasing number of systems and model Hamiltonians, it is still very difficult to identify a reliable and effective method that can be applied in any circumstance. This is due to the fact that even the most modern numerical techniques are seriously challenged by the unusual physics of SCES. Many recent debates in the SCES community, for example in the context of cuprates 1 , are making more and more evident the limitations of analysis based on the original electron degrees of freedom and Landau's theory, advocating the need of a formalism that is more flexible in the definition of the fundamental degrees of freedom. The development of a framework that posses such a versatility is the subject of this work. In particular our study simplifies the use of non-linear canonical transformations in the analysis of the fermionic quantum problems. The idea that non-linear transformation can be useful in this context is not completely new [2] [3] [4] . Such transformations allow to study the SCES from a different perspective, since the original fermionic degrees of freedom play no central role, permitting the identification of customized quantum coordinates to describe the correlated systems. Our analysis is based on the Majorana fermion representation of the fermion and spin operators. Making use of this representation it becomes possible to easily identify all the possible local canonical transformations and to understand the structure of their transformation group. We focus our attention on the fact that these transformations have the well defined mathematical structure of a Lie group (beside a Z 2 discrete component), which we fully characterize in the general case of n fermion species, identifying the generators of all its continuous components and determining their underlying algebraic structure. Once that a convenient form for the generators is found, it becomes extremely easy to control all the non-linear canonical transformations; moreover, in this representation, it becomes also simple to understand the origin of the new (transformed) degrees of freedom. In terms of the transformed fermions (or spins) the lattice model Hamiltonians gets often simplified, making them more accessible to the available methods. In particular, the identification of the generators of the groups of non-linear transformations in terms of Majorana fermions permits also the analysis of the Hamiltonians in terms of symmetries that may otherwise be difficult to find using the standard representation in terms of fermionic operators.
We already obtained interesting results working with the framework that we suggest [5] [6] [7] [8] . We will briefly review them here for completeness, but we encourage the reader to analyze our other works, in order to have concrete examples of the effectiveness of our framework. In this sense, the present paper must be understood as the theoretical counterpart of the others, which were focused on the application of the framework, but were lacking of mathematical insight, analysis and necessary generalization.
Beside the straightforward application to the description of non-linear canonical transformations, our results provide also a very convenient (economic) representation of the elements of the Lie groups SU (2 n ) and of the generators of their Lie algebra, in terms of Majorana fermions. This in turns simplifies the application, also in the SCES context, of some concepts such as spectrum generating algebras and dynamical symmetries, familiar in nuclear and particle physics. Also this possibility offered by the Majorana fermion representation should be taken in consideration in future applications of our framework. This paper is organized as follows: in Sec. II we review the concept of non-linear canonical transformation of the quantum degrees of freedom, we determine the structure of such a transformation group, we develop the representation that permits to handle it in an easy way and we characterize its generators in the most general case of n fermion species. This section contains clearly the major novelties introduced in this paper. In Sec. III we will review some situations where our formalism is a powerful tool, which have been subject of other works. In Sec. IV we will explain how these concepts are useful in the definition of the holon-hyperspin representation, which offer an interesting insight on some quantum problems.
which is SU (4). But, since H H is only the local Hilbert space associated with one single site r, the previous relation is not the only one that should be satisfied; instead the more general constraint should be fulfilled:
This reduces the group to
In the rest of the manuscript the term (Local) Canonical Group (LCG) will always refer to the group of transformations that fulfill (2) , when applied on each lattice site. Therefore we will only deal with local transformations and coordinates, allowing us to neglect (in most cases) the lattice index of the operators, for sake of notation. A discussion of these transformations can be found in Ref. 3 or in Appendix A, where we review and generalize these concepts. We stress the fact that in this manuscript we discuss transformations of the representation of the quantum degrees of freedom, in other words the transformations among the different equivalent ways that we can choose to discuss the physics of a given system. The group (3) is composed of three parts: two linear transformation subgroups SU (2), a discrete part Z 2 and a subgroup U (1) that contains the non-linear transformations. The linear/non-linear nature of the transformation depends upon the type of combination of the original fermionic operators performed by it. The linear transformations SU (2) are generated by the spin S i and charge-isospin I i operators; instead the discrete set Z 2 contains the particle-hole exchange transformation for only one fermion species. This latter discrete part does not change the basis states of the Hilbert space, but it affects only the Fock structure, changing how the fermions are counted. The most interesting part of the canonicalgroup is given by the non-linear set U (1), which generates transformations like (4) defining the correlated fermions (operators) c ′ † ↑ and c ′ † ↓ . While it is very easy to understand the action of the linear part of the group, it is more difficult to understand how and why the non-linear transformation exists. The Majorana representation plays a crucial role in allowing insight in this case.
As a first step we must switch from the fermionic representation of the quantum degrees of freedom, to a different one given in terms of Majorana fermions. To do this, we observe that we can always think of a fermionic operator c n as c n = (γ 2n−1 − iγ 2n )/2, if the operators γ 2n−1 , γ 2n are properly defined. These operators are called Majorana fermions (Majoranas). In general, given a set of n fermions, then 2n Majoranas are needed. To form proper fermionic operators, generating the anticommutation relations correctly, the Majoranas have to close to Clifford algebra, so that
Of course the argument can be reversed: given a set of 2n operators fulfilling the relations (5) and acting on a 2 n dimensional Hilbert space, then n fermionic operators can be defined combining them linearly. Such fermionic operators are able to span the entire Hilbert space (which will therefore also have a specific Fock structure).
In the rest of the manuscript we will use the following convention: to form a fermion (operator) the Majoranas must be combined in the following way
where the (conventional) role of ± sign will be clarified later on. This is not the most general definition, but all the other definitions can be connected to this one via a transformation that belongs to the canonical-group, as we will show. The inclusion of the non-linear transformations, among the possible unitary transformations analyzed, permits the consideration of a larger set of Majoranas and therefore a larger set of fermionic operators. Returning to the example of H H , let us write down the Clifford algebra 9 generated by the Majoranas. By definition
where the choice of the minus signs in front of the Majorana γ 3 is purely conventional and fixed by historical reasons. The basic elements of the Clifford algebra are:
So according to the definition (7), the fermionic operators that can span the Hilbert space of the Hubbard model are built combining, on the row (9), the first element with the second one and the third element with the fourth one. Once the two fermionic operators have been decomposed, a new couple of fermionic operators can be defined making a (symmetric) linear combination of two Majorana operators of the first line (9) . For example we can define
this is a (trivial) transformation of the Clifford algebra of the Majorana fermions. In practice we have changed the order of the Majoranas on line (9) and inverted the sign of the Majorana γ 2 , with respect to the definition (7) . Indeed all these interpretations rely on the fact that we have fixed some convention (7) for the formation of the fermionic operators. Such an order exchange is performed by a transformation of the Clifford algebra, which in the specific case is accomplished by the rotor Of course the analysis holds for the other bilinears (and linear combinations of bilinears) of line (10) too. So, analyzing the full Majorana Clifford algebra, we discover the origin of the linear part of the canonical-group of H H , as the group of the transformations generated by the bilinear rotors of the Clifford algebra. These rotors transform the original Clifford algebra, mapping the original set of Majoranas into another one. This causes a change of the entire Clifford algebra, combining the higher order terms in a consistent way. En passant we note that the second line (10) gets mixed also by the linear transformations, and therefore new spin and isospin operators associated with the d i -fermions get defined as linear combinations of the old ones. Keeping in mind this arbitrariness, we will make use of the term hyperspin to indicate these quantum numbers. The hyperspin will be defined more rigorously later on, in the text. Now that the origin of the SU (2) ⊗ SU (2) components of the LCG of H H has been understood and interpreted as transformations of the Clifford algebra, we now move our focus on the non-linear component U (1). To understand its origin one should recall a very well known property of the Majorana fermions, i.e., the fact that by multiplying together an odd number of Majoranas one obtains again objects that behave as Majoranas 10 . In our example this means that the objects of the line (11), if properly multiplied by an imaginary unit, form a new set of Majorana fermions like {iγ i γ j γ k }. These three-composite objects can therefore be used to build well defined fermionic operators. One could guess that a general canonical transformation could involve (always using H H as example) a "rotation" between the lines (9) and (11) of the Majorana Clifford algebra. In fact, mixing properly the two lines one can obtain a combination of the two sets of single and three-composite Majoranas, producing a set of objects that still behave as Majoranas (5) . In this example we use the term Hodge rotation to indicate the rotation of the two lines. It is not difficult to realize that this "appropriate" combination is generated by the operator exp −i
In terms of Majoranas this means that the sign of an odd number of the elements of the line (9) changes. A closer study shows that the only independent transformation is the one that exchanges the sign of just one Majorana, i.e., the sign of the object obtained multiplying together all the Majoranas γ 1 γ 2 γ 3 γ 4 , which is proportional to the local parity of the system. All the other possible discrete transformations can be obtained as a combination of this single exchange and one of the continuous elements of LCG. It is clear that such sign change is actually irrelevant, since it can be reabsorbed into the conventional definition of the fermion creation/annihilation operators (6) . So, although the application of the transformation can indeed simplify the problem (as in the case of the Shiba transformation in the analysis 11 of the negative U Hubbard model), these discrete transformations are quite irrelevant from the point of view of the Majorana Clifford algebra.
B. General case
The main point that we want to make in this paper is that it is possible to generalize all the previous concepts to larger local Hilbert spaces, which means to systems that have higher number of fermionic species. To show how this is can be done, it is necessary to prove some statements about the group of the canonical transformations of the local Hilbert space.
Let us consider a local Hilbert space H of total dimension 2 n , where n fermion species are defined. As we show in Appendix A, the general structure of the continuous part of LCG is:
We saw that with n = 2, the rationale behind the structure of all the possible canonical transformations could be understood by analyzing the transformations of the Clifford algebra of the Majorana fermions associated with the fermionic operators; which also means by identifying a set of transformations that is able to mix properly the odd elements of the Clifford algebra. This is true also for n > 2, if a set of convenient generators for all the continuous canonical transformations in LCG is correctly identified. We begin taking all the elements of the full Clifford algebra generated by 2n Majoranas, but the trivial element:
For future convenience we defined the sets of even elements {Ω i } (n) and odd elements {∆ i } (n) . Our convention is that γ i1 γ i2 ...γ im has i 1 < i 2 < ... < i m , with 1 ≤ m ≤ 2n. To facilitate the use of this convention we will use the following notation to indicate any element obtained multiplying together m Majoranas:
with no Einstein convention and with ǫ i1,i2,...,im the m-dimensional Levi-Civita symbol 12 . With this notation the specific order of the Majoranas becomes irrelevant, since the Levi-Civita symbol in front of the multiMajorana object returns the correct sign.
Multiplying the objects inside the sets (26) by appropriate imaginary units, we can turn them into antihermitian operators:
The reader should note that this means d
To simplify the convention we will adopt the following notation for the elements p j of {p k } (n) :
where
We name with T (n) the total set
A fundamental result is obtained in Appendix B, where we prove that this set of antihermitian operators closes to Lie algebra:
with the Lie product defined as
which is appropriate since the Majoranas admit matrix representation. Moreover we show that taking the set {p i } (n) and removing all the operators that contain one arbitrarily chosen Majorana, one obtains another Lie algebra L (n) 1/2 , such that:
The elements in T (n) and L
1/2 can therefore be used to generate the groups SU (2 n ) and SU (2 n−1 ) via exponentiation (see Table I for summary). For reasons that will become clear later we name L (n) 1/2 the hyperspin algebra. We must strongly remark the non-triviality of the two latter results, which go beyond the known results. The most known relation between Clifford algebras and Lie groups is probably the connection between the orthogonal transformation O(2n) group and the transformations generated by all the bilinears of a Clifford algebra. We greatly enlarge this notion showing how all the elements of the algebra can be used to build a well known Lie algebra, if properly redefined. It is appropriate to point out how this relation may be of interest in quite a number of circumstances beyond the context of non-linear canonical transformations, in the light of the renovated interest of the community in emergent (composite) Majorana modes 10, 13 , non-abelian quantum computation 14, 15 and multi-wire Majorana junctions [16] [17] [18] [19] . One can note that L (n) 1/2 does not include the top dimensional form p max = I(2n)γ 1 γ 2 ...γ 2n . Hence, such operator can be used to define two orthogonal projectotion operators (1 ± ip max )/2. In fact:
We can define two sets L β multiplying all the elements in L (n) 1/2 by (1 + ip max )/2 and (1 − ip max )/2 respectively. Evidently the same two sets may be obtained starting from 
. can be written as:
for all p i ∈ L 
Given the properties of L 
where the structure constants c q ij are computed explicitly in Appendix C. Take now two elements
Then
and similarly for
q ij β q , Since the structure constants are the same, we have that
Given the previous properties it is easy to understand that
so L (n) is a semi-simple Lie algebra and its exponentiation generates the Lie group
In the n = 2 case, L
α and L
β correspond to isospin and spin algebras respectively. This is due to the fact that the operators (1 + ip max )/2 and (1 − ip max )/2 are projectors on the even and odd sectors of the Hilbert space. Consequently we name L (n) α the algebra of isospin-sector of the hyperspin (ISH) and L (n) β the spin-sector of the hyperspin (SSH) respectively. These concepts will be made clear later on, but here it is important to stress that, because of these properties, no transformation generated by L (n) can mix the even and odd sectors of the Hilbert space. This is also true for the U (1) transformations generated by p max , since this operator is (beside prefactors) the local parity operator P L , mentioned in Appendix A. Considering also this U (1) group of transformations, we can understand that {p i } (n) is a Lie algebra that generates the non-semisimple Lie group
where U (1) is an invariant subgroup and each transformation in NLT does not mix the even and odd sectors of the Hilbert space. Since this is a maximal compact non-semisimple Lie subgroup 20 of SU (2 n ), it cannot be enlarged further by any continuos subgroup of SU (2 n ). The previous results mean that NLT may be the continuos part of the local canonical group LCG of a 2 n dimensional Hilbert space. To prove this point one should show that NLT contains only canonical transformations. To do it we define the action of an element G(θ) ∈ NLT on the 2n Majorana fermions as
∀i, j, and θ i ∈ [0, 2π), (45) consistently with (22) and with the definition of the action of a rotor on the basic generators of the Clifford algebra 9 . The calculation is indeed very much simplified by the fact that p
2 pi = cos (θ/2) + p i sin (θ/2), so it becomes easy to check that (45) produces a linear combination of the original Majorana γ j , with a candidate Majorana fermion built using an odd number of the original Majoranas, as in (22) .
Evidently the new set of objects µ j square to 1, are hermitian and close to Clifford algebra, in fact:
In the same way it can be shown that the transformation is consistent as defined in Sec. II A; since the demonstration follows exactly the arguments in (17), we will skip it. This means that the µ j form a well defined set of 2n Majorana fermions, which can be used to form new n fermionic operators. So NLT contains only canonical transformations, defined via (45) .
For example, we can consider the effect of the U (1) subgroup, i.e., the transformations generated by p max , which acts on the set {γ i } as defined in (45):
if n is even. The hat over a Majoranas means that the Majorana has been removed. The reader can note that, in the two cases, both γ 1 ...γ j ...γ 2n and iγ 1 ...γ j ...γ 2n behave as Majorana fermions, since they are hermitian and they square to +1. It is quite evident that, via the definition (45) , this subgroup of transformations is exactly the U (1) normal subgroup of LCG. This is not surprising, since p max is the total local parity operator (P L in Appendix A), as mentioned previously. This normal subgroup is the generalized version of the Hodge rotation (22) introduced in the case n = 2. This also explain our choice for its name: applying this transformation to the basic elements of the algebra γ 1 , γ 2 , ..., γ 2n we obtain new Majoranas µ 1 , ..., µ 2n as linear combinations of the original generators of the Clifford algebra (row containing the single Majoranas) and their Hodge dual. Our results make the use of canonical transformations conveniently easy, since (45) is a quite neat formula and the form of all the generators has been found (35)- (36) . Moreover they also make clear the rationale behind the existence of the canonical transformations, showing how they can be understood in terms of Majoranas, as a combination of the inequivalent sets of well defined Majorana fermions (or emergent 10, 13 Majorana fermions) inside the full Clifford algebra.
In conclusion:
1. we proved that the set T (n) obtained from the elements of the Clifford algebra generated by 2n Majoranas as in (30), closes to the Lie algebra su(2 n );
2. we demonstrated that the set of antihermitian operators {p i } (n) , defined using the even elements of the Clifford algebra generated by 2n Majoranas, can be used via definition (45) to generate the continuous part of the Local Canonical Group LCG; 3. we showed that the non-linear canonical transformations inside LCG, generated according to (45) , can still be interpreted as mixing the rows of odd elements of the Clifford algebra, i.e., they can be thought as if they generate a new set of Majoranas starting from the inequivalent sets that can be defined inside the Clifford algebra;
4. we identified a convenient form for the set of generators of the LCG group in an Hilbert space of arbitrary dimension 2 n . In analogy with the H H case, the three subalgebras corresponding to the three continuous subgroups of LCG are the two L (n) α (ISH) and L (n) β (SSH), both isomorphic su(2 n−1 ) algebras, and the element p max , generating the U (1) subgroup of the Hodge rotation, which is the generalization of the non-linear transformation found in the H H case.
The crucial difference between the general case and the the case n = 2 is that the Hodge rotation is not anymore the only non-linear one; it is instead a very peculiar non-linear transformation among many others, which are contained within
β . Of course, to complete the set of all the possible canonical transformations in LCG, one should also consider the discrete transformation introduced in Sec. II A, which do not hide difficulties as we mentioned previously. A summary of the different algabras and their relations with each other is give in Tab. I.
We would like to mention an important side product of all this formal construction, which may otherwise go unnoticed, pointing the attention to the algebra L (n) 1/2 . Such an algebra has the structure of an su(2 n−1 ) Lie algebra and it can be used to generate the entire SU (2 n−1 )
group. What we want to stress is the fact that the
1/2 are represented in terms of Majoranas and this makes extremely easy to work with the elements of the algebra. In physics literature many different representations of Lie algebras (in particular su(n) algebras) have been elaborated. The bosonic representation of su(n) algebras (see Ref. 21 for a comprehensive review) is probably the most known, in particular thanks to its vast use in the study of spin systems via the Holstein-Primakoff and Schwinger mappings 22-24 . Also fermionic representations are possible (see Ref. 25 and references therein); for example the known JordanWigner transformation 26 , effective in the study of 1d spin chains, allows to represent su(2) operators in terms of fermionic creation and annihilation operators. Even if based on Majorana fermions operators and not on standard ones, our representation is obviously closer to this latter class of representations, rather then the former. However, with respect to the known representations, the one that we have elaborated is extremely natural in the context of non-linear canonical transformations (where we use it) and also its simplicity should be seen as a valuable strength.
To give an idea of the operators belonging to
β , it is convenient to study some examples.
-The 4-dimensional Hilbert space H H :
and the operators in L (2) all the bilinears
Therefore one obtains:
are the two su(2) algebras of isospin and spin (up to proper normalizations and multiplicative factors necessary to have hermitian operators and appropriate normalizations). This notation will be generalized later on.
-The 8-dimensional Hilbert space H K :
the operators in L (3) are the bilinears and the quadrilinears
So the operators in L
β look like
Please note that in terms of the original fermionic operators these are fourth order operators, so they generate non-linear (canonical) transformations. Both the algebras are isomorphic to su(4) and clearly there are three simultaneously diagonalizable operators in both of them:
Also in this case one should multiply these operators by the imaginary unit to ensure hermiticity. The quantum numbers associated with these operators can be used, for example, to label all the states of the Hilbert space.
-The 16-dimensional Hilbert space H A :
in L (4) are present the bilinears, quadrilinears and hexalinears
So the operators in both
In this case L
β have an su(8) structure, which means that they contain 63 elements and 7 of them commute among each other.
III. EXAMPLES OF NON-LINEAR ANALYSIS OF THE SCES
In the previous section we completely characterized the structure of the group of non-linear canonical transformations, showing that a complete control of these transformations is achieved via the Majorana fermions representation. It is appropriate to provide the reader with a clue about how this knowledge can be helpful in the analysis of physically relevant problems. We strongly believe that the availability of controllable and systematic methods based on the group of non-linear canonical transformations may benefit the study of the SCES.
In general the use of transformations of the quantum coordinates is a central technique, often applied in condensed matter contexts. A look to any modern condensed matter textbook (as for example Ref. 24, 27 , and 28) should show a great variety of these techniques, which embrace for example slave bosons approaches 29 , bosonization 30 , low-energy projection methods [31] [32] [33] [34] [35] [36] [37] [38] , and many others. In particular this latter class is interesting to us, since it makes often use of some kind of non-linear transformation. However an important feature that makes the canonical non-linear transformations different from many of the these known techniques is the fact that the dimensions of the Hilbert space (as of course the Fock structure) is always preserved. The non-linear canonical transformations may be considered a subgroup of the generalized Bogoliubov-Valatin transformations, which have been mathematically considered in the cases of systems with one and two fermionic modes 39 . In the past years canonical non-linear transformations have been used successfully in some situations [2] [3] [4] , but unfortunately no comprehensive analysis of their structure (that instead we provide in our work) has never been done before. We hope that, thanks to our analysis, it will become possible to make this tool accessible to the general community and to provide an understanding of the fundamental rationale that connects the different known non-linear methods. Indeed, in the light of the framework that we introduced, it is possible to systematically apply methods based on non-linear canonical transformations in the context of the SCES.
We provided in other occasions [5] [6] [7] [8] examples where the use of this technique produced evidence of its effectiveness. We will review briefly here some of the core ideas we developed, in order to help the reader to understand the crucial nature of the ideas and results developed in the present manuscript. Moreover we will add a short discussion about correlated hopping models, since the appearance of correlated hopping terms typically takes place when non-linear transformations are used. Our discussion does not intend to be complete, but its aim is to highlight some results that we believe may be useful for future analysis and interesting for some readers.
A. Hubbard model
As first example we cite the results we obtained in Ref. 8 . In that situation we used a powerful general feature of the non-linear canonical transformations: the fact that they allow to turn an interacting term into a quadratic one. This is possible since via a canonical transformation one can represent an interacting Hamiltonian in terms of new "correlated" fermions able to capture the physics in a more transparent way. This kind of approach often becomes much easier in terms of Majorana fermions, since the algebra becomes simpler.
Let us consider a simplified example and take the local part H loc of a lattice Hamiltonian H = H K + H loc in a system with three fermion species:
which means that the quantities 2(X − U ), 2(Y − U ) and 2Z, play the role of the chemical potentials. In this system the interaction among the fermions affects only the c, f sector, leaving the g sector completely free. Rewriting the previous Hamiltonian in terms of Majoranas one obtains
where we omitted some additive constants, irrelevant for the discussion and we defined c
. Now we can apply the transformation generated by iγ 1 γ 2 ν 1 ν 3 , obtaining:
This means that under this non-linear canonical transformation, H loc becomes
In the previous form, if originally Z = Y = 0 and if θ = π/2 is chosen, then
Therefore the local interacting term is turned into a noninteracting one by the transformation and it can now be diagonalized, making use of the fermionic operators c, c † and η, η † = (ν 2 + iν 3 )/2. This means that, in some circumstances, in particular if the interaction involves only few of the fermion species, it is possible to turn an interacting local Hamiltonian into a non-interacting one via a non-linear transformation. Relaxing the hypothesis one can consider the more general case with −U, |Y | , |Z| << 1. In this situation there is a controlled way to trade a strong interaction term with a number of weak ones. In fact, since the sine and cosine take values only between +1, −1, it is clear from (60) that the constant in front of the four fermion term γ 1 γ 2 ν 1 ν 2 can be reduced arbitrarily, without causing an equivalent increase of the coefficients in front of the other four fermion terms.
The example (58) is evidently quite particular, but it shows the potential benefits of non-linear canonical transformations. The physical reason behind these benefits is that the correlation between the electrons can cause the appearance of composite particles (such as singlets, for example) that are therefore more convenient degrees of freedom to describe the system with. Since the correlations and the interactions (cor)relate the fundamental (original) fermions, it makes sense to change the degrees of freedom that are used to describe the Hamiltonian. The non-linear canonical transformations permit this goal to be achieved, keeping the fermionic language. In this sense it becomes possible to identify the "best" fermionic degrees of freedom for the description of a system with specific characteristics, i.e., the fermionic degrees of freedom that are able to capture the greatest part of the correlation. This also means that in a system described by the same Hamiltonian, but with different values for the physical parameters (interaction, hopping, etc...) the "best" fermions may be different.
This approach works best in large local Hilbert spaces or when at least one of the fermionic species is not interacting with the others. Hence, to obtain results in the Hubbard model one has to enlarge artificially the Hilbert space. We did this in Ref. 8 
where γ a with a = 1, .., 4 indicate the four different Majoranas constituting the original fermions, while the µ a that form the auxiliary fermions do not appear, because they do not interact with the original fermions and they do not hop from site to site. Since these fermions do not interact with the original ones, it is evident that their presence does not chance the quantum problem 40 . Instead, what changes is the number and the kind of nonlinear transformations available. Thanks to the results of Sec. II we proved the existence of two (and only two) non-linear transformations S 1 and S 2 that were consistent with the SO(4) symmetry of the system at halffilling 41 and time reversal symmetry. This two parameter transformation, realized according to (45) by the unitary operator V = e i(θ1S1+θ2S2)/2 , mixes the original eight Majoranas γ a , µ a , generating a new set of Majoranas. Written in terms of these new degrees of freedom, the Hubbard Hamiltonian (62) changes its form. For example the Hubbard interaction term P 1 = γ r,1 γ r,2 γ r,3 γ r,4 becomes:
where H 12 is a sum of bilinear Majorana operators, the letters A j (θ 1 , θ 2 ) indicate simple trigonometric functions and the dots summarize the presence of a few fourand six-order Majorana terms that are irrelevant for the present discussion. We then took the Hubbard Hamiltonian in this new form and we studied it with a mean-field theory, using a two spinful free-fermion Hamiltonian to generate the variational ground state, as function of three variational mean-field parameters t 1 , t 2 and λ:
Since part of the Hubbard interaction (63) is quadratic in the Majoranas (thus in the a σ and b σ operators), its mean-field analysis will contain an exact part of the (original) fermion correlation that cannot be captured by the standard mean-field approximations.
To find a candidate ground state we looked for the lowest energy local minima of the functional E(t 1 , t 2 , λ, θ 1 , θ 2 ) = 0 MF |H|0 MF into this 5d variational space, where the dependence on t 1 , t 2 , λ enters explicitly into the definition of the candidate ground state |0 MF , while the θ 1 , θ 2 dependence is explicit into the form of the Hamiltonian H. Thanks to this procedure it is clear that we greatly enlarge the variational space on which we can perform our mean-field study, since we can also optimize the angles of the non-linear transformation V , and our result is still an upper bound on the ground state energy.
Among many interesting results, we found at high U a ground-state solution that gives a free-particle meanfield description of the paramagnetic Mott insulator, with a variational energy that is at least as good as the one obtained using the Hubbard I approximation. A more detailed and complete discussion can be found in the cited paper 8 , where we also point out that our scheme allows to study at mean-field level also the metal-Mott paramagnetic insulator transition.
B. Kondo lattice model
In Ref. 5-7 we used our framework to study the Kondo lattice model (KLM). We applied a non-linear transformation to create an exact mapping between the standard representation of the KLM, in terms of fermion and spin operators, into a different one in terms of three spinless fermions. What we discovered was that via a nonlinear transformation it was possible to "complete" the Schrieffer-Wolff transformation 32, 33 ; this transformation permits to map the infinite interaction limit of the Periodic Anderson Model (PAM), described in terms of two spinful fermionic local degrees of freedom c c,σ and f σ , into the KLM that can be seen as the low energy sector of the PAM and that is described in terms of local impurity spins S f and conduction electrons c σ . In terms of Majoranas the representation of the PAM Hamiltonian needs eight Majoranas per site (four for each spinful fermion), while the KLM one needs seven of them: four for the spinful fermion (γ a with a = 1, ..., 4) and three for the local 1/2-spin (µ b with b = 1, 2, 3). We discovered that one of these seven Majoranas is redundant and can be removed from the Hamiltonian via a non-linear transformation. This was realized exchanging one of the γ a Majoranas (for example γ 4 ) with the composite (emergent) Majorana iµ 1 µ 2 µ 3 . In this way the low energy sector of the PAM, i.e. the KLM, can be described in terms of six Majoranas only (γ a , µ a with a = 1, 2, 3) or equivalently in terms of three fermions c = (γ 1 −iγ 2 )/2, g = (γ 3 −iµ 3 )/2, f = (µ 1 − µ 2 )/2. Our non-linear mapping can be sum-marized in terms of the original degrees of freedom as:
In terms of these new degrees of freedom, the original antiferromagnetic 1d Kondo Hamiltonian is mapped into a new form. In particular the local interaction term (68) Clearly part of the interaction is quadratic in the new fermions and contributes negatively to the energy. Of course the quartic components, together with other nonquadratic (correlated hopping) terms that appeared into the kinetic term, required the use of approximations. Even if in this situation, as in the analysis of the Hubbard model, the non-linear transformation allows a partial diagonalization of the interaction (although in this case we did not have the freedom to tune the magnitude of the non-linear transformation), it is not this feature the most interesting and effective one. In fact, written in this different form, the Hamiltonian shows also a very non-trivial symmetry 7 , which stabilizes the spin-selective Kondo insulator phase 42, 43 in the phase diagram. Indeed it can be shown that the quantity
commutes with the Hamiltonian. Such a term, quite easily expressed in terms of the new fermionic degrees of freedom, assumes a very suspicious form in the old coordinates. Indeed:
which was originally named as commensurability 42, 43 and identified as an important ingredient in the description of the system, using DMFT and DMRG techinques. Thanks to our formalism, which makes this symmetry evident, a simple mean-field study of the three spinless fermion Kondo lattice Hamiltonian permitted us to qualitatively and quantitatively characterize the spin-selective Kondo insulator phase, while we captured some qualitative correct features in the rest of the phase diagram.
C. Correlated hoppings
In both the previous examples, the application of a non-linear transformation causes the appearance of correlated hopping terms. This is a typical collateral effect of these transformations: indeed they can simplify the local part of the lattice Hamiltonian H loc as shown in the example (57), but they make the hopping term H K more involved, causing the appearance of correlated hopping terms. The fact that non-linear canonical transformations can relate interacting systems to correlated hopping systems is indeed quite interesting, since it is known [44] [45] [46] [47] that correlated hopping terms can explain the appearance of unconventional superconductivity. Although in our other works we dealt with these terms mostly using mean-field approximations, we believe it is convenient in this circumstance to tackle them from a different perspective, in order to show the interplay that exist between correlated hopping terms and non-linear transformations (and symmetries related to them). We do not aim to give a full analysis of this topic, but just to point out the main features that we believe make this relation evident.
Let us use a simple example, considering the model Hamiltonian
σc σ , where we took the 1d model for convenience, but all of the following arguments work in an arbitrary number of dimensions on bipartite lattices, and where we used the convention c σ = c r,σ andc σ = c r+1,σ . Clearly the local Hilbert space of such a model is H H , therefore the only non-linear transformation acting locally is:
In terms of Majoranas the non-linear transformation is generated by the operator iγ 1 γ 2 γ 3 γ 4 and acts locally as
which means
We will always consider transformations applied uniformly on the entire lattice, so
where χ is independent on r, although also more general transformations may generate interesting results. Choosing χ = π/2 it is easy to see that this non-linear transformation turns (71) into
This means that (71) is equivalent to the free Hamiltonian (76), if expressed in terms of the "correlated" fermions c ′ σ defined by the non-linear transformation χ = π/2. Although the Hamiltonians H and H ′ describe the same physics (so they must have the same free energy and eigenstates, only written in terms of different fermionic degrees of freedom), they are completely different from an operative point of view. While H ′ can be diagonalized in terms of c ′ and c ′ † operators, the Hamiltonian H cannot and its study requires approximations, unless one is clever enough to realize that it is just a free model in disguise.
In Appendix D we go further along this line, providing some more details concerning these models. In particular we show that studying how the general Hamiltonian
transforms under the aforementioned non-linear transformation, it is possible to discover that the 2d plane t 1 = −t 2 , in the three dimensional Hamiltonian space (t 1 , t 2 , t 3 ), is left unchanged by the non-linear transformation. This known [48] [49] [50] [51] [52] [53] [54] [55] [56] fact implies the existence of a quantity conserved by the non-linear symmetry, which in turns implies the conservation of the parity of the number of the doublons, which are hard-core bosons built as the bound state of two electrons of opposite spins, and are a special case of the so-called η-paired states 57, 58 . This result is consistent with the known results 51, 52 , which indeed identify also two special points inside this 2d plane where the number of the doublons is conserved. We will return on this point in the next section, while the interested reader can find a more details in the mentioned Appendix D, where we also discuss briefly the possibility to generalize the analysis to a system with more fermion species.
IV. THE HYPERSPIN AND THE HOLON
Another promising idea for the analysis of SCES, based on the results of Sec. II, is given by the concept of hyperspin. Such an object has been used already in the analysis of the Hubbard model 38, 59 , but thanks to the identification of L (n) 1/2 it is possible to use it in more general cases. Although it did not play a crucial role in our previous works, it allowed a better comprehension of the transformation used in Ref. 7 and we believe it is convenient to clearly develop its notion.
Given the Hamiltonian of a SCES, it is well known that the fermionic representation of the degrees of freedom is not always the best one. In some cases it may be more meaningful to use, for example, spin degrees of freedom to describe the physics of a system, as it happens in the t − J or Kondo models. Typically it is possible to go from the fermionic description to a different one via a "non-canonical" transformation, in the sense that the new degrees of freedom (spin-like) used to describe the system (or the low energy sector of a theory) do not obey the fermionic anticommutation rules and are based on some fundamental symmetry of the Hamiltonian. An example is the Schrieffer-Wolff (SW) transformation 32, 33 , which connects the Anderson and Kondo models, turning the original description in terms of conduction and impurity electrons into a description in terms of conduction electrons and impurity spins. The convenience and the adequateness of this new representation is given by the fact that the Hilbert subspace corresponding to the impurity electron states is split in two parts highly separated in energy. The two low-energy degenerate (or quasi-degenerate) states in this sub-space are easily described in terms of SU (2) spins. Clearly this description is convenient as long as the two states of the local impurity are degenerate, or almost degenerate if compared with the other energy scales of the system. So in this case, as in general, it is the form of the Hamiltonian and the presence of symmetries that makes one description preferable to another.
The use of symmetry (or algebraic) principles to choose the quantum coordinates for the representation of an Hamiltonian can significantly change our perspective on the problem. Indeed this kind of approach is well known in physics, in particular in nuclear, particle and atomic context, where concepts as spectrum generating algebras, dynamical symmetries and degeneracy algebras are largely used (see Ref. 25 and 60 for a comprehensive introduction). These ideas had much less success in traditional SCES physics, where the infinite dimensionality of the full Hilbert space makes them less appealing. Nevertheless an analysis of SCES Hamiltonians using symmetry and algebraic methods can still be a valuable option. The aforementioned Schrieffer-Wolff transformation is an example of that, since the procedure identifies in the low energy limit a local SU (2) degeneracy algebra that we interpret as a local spin degree of freedom. Evidently, analysis of these kind assume the identification of (in general complicated) subalgebras on which the representation of the Hamiltonian can be based; therefore they assume the definition of sets of spin-like operators that obeys the particular symmetries of the degenerate space. This identification must be done starting, in the most standard cases, from a purely fermionic interacting Hamiltonian. The determination of these spin-like operators and of their connection to the original fermionic operators is clearly not always easy. Our characteriza-tion of the operators belonging to LCG and the use of the Majorana fermion representation helps in this sense, since many possible spin-like algebras that can be used in the description of the system are contained into the LCG generators set. In this sense we claim that the results of Sec. II, integrated by the arguments that we will highlight in this section, may help in making these algebraic methods more easy to handle and interpret in the SCES context.
We mentioned some of these concepts in the Appendix A of our previous work 7 . Here we will re-formulate some parts of that discussion as examples, avoiding useless redundancies, and then we will provide a generalization of the main concepts.
A. Example: the four dimensional Hilbert space
As we have seen, the local Hilbert space H H can be represented as a (not uniquely defined) Fock space. However, all the basis states can also be represented as the tensor product of two states, belonging respectively to the Fock space of the holon (represented by h † , h) and to the Hilbert space of a spin-like (hyperspin) degree of freedom (represented by S). The map is summarized in Table II . Immediately the reader will note that the hyperspin corresponds to the spin if projected on the subspace where one holon present (i.e., on the subspace with an odd number of fermions) or charge isospin otherwise. It must be stressed that in this context the term holon does not take the same meaning as in some other situations, as it happens for example in the cuprates literature 1 . In that context the holon indicates a vacancy in an electron system and consequently it bears information about the total local charge and it has bosonic character. In our context instead it represents a fermionic particle that carries the information only about the parity of the local fermion number.
A deeper understanding of this non-canonical transformation of the Hilbert space (i.e., of the representation of the quantum degrees of freedom of the systems) is obtained thanks to the Majorana representation, as suggested in Ref. 59 and reviewed in Ref. 7 . The pivotal role is again played by the fact that the three composite object γ 0 = iγ 1 γ 2 γ 3 is a well defined Majorana fermion. Therefore it can be used together with the forth Majorana γ 4 to build a fermion operator
The reader should pay attention to the very different nature of this operation, with respect to those that led to (4), for example. This fermionic operator cannot be obtained via a rotation of the lines (9) and (11); moreover this procedure does not preserve the form of the Clifford algebra, since it splits it into two components: a first (even dimensional) Clifford algebra, with two Majoranas γ 4 , γ 0 ; and a second (odd dimensional) one with three 
The first Clifford algebra is used to generate the holon fermionic operators h † , h, while the second creates the three hyperspin operators:
Evidently these operators fulfill 61 the commutation relations of an su(2) Lie algebra, typical of spin operators 62 ; as anticipated, their interpretation as spin, rather than isospin degrees of freedom, depends upon the holonic part of the quantum state. This can be seen immediately writing the spin-isospin operators in the original two fermions representation and then switching to the new one. For example 63 :
which become
The representation of the Hamiltonian in these terms has been used successfully in the study of the Hubbard
38,59
and t-J 37 models. Of course these kind of transformations can also be used vice-versa, as was done for example by the authors in the study of the Kondo lattice model 5, 7 , as mentioned previously. In this example we focused to the algebras and operators of H H , but the concept of hyperspin and holon are straightforwardly generalized also to Hilbert spaces of larger dimensions, following the same recipe.
B. General definition of hyperspin
The reader has probably noticed some familiar details, which were anticipated in Sec. II B: the operators (79) belong to L α , are obtained multiplying
1/2 by (1∓ip max )/2. The generalization of the concepts of holon and hyperspin is therefore straightforward.
The holon, defined combining one Majorana with its Hodge dual consistently with (78), clearly maintains the same structure and meaning independently upon the total number of fermions. For example choosing γ 2n :
The structure of the holon is independent of the dimension of the Hilbert space and it always distinguishes between the states occupied by an odd and by an even number of fermions. The hyperspin instead changes with the dimension 2 n of H, since its algebra is given by L (n) 1/2 ≃ su(2 n−1 ), obtained from the Majorana fermions used to build γ 0 . Beside these differences, the hyperspin can always be thought of as the sum of two components: a spin-like one (SSH) and an isospin-like one (ISH), which are given by its projection on the subspaces with an odd (using 1 − ip max ) and even (using 1 + ip max ) number of fermions respectively. We remind the reader that all this discussion is based on the local Hilbert space H, i.e., the Hilbert space associate to a single site of our system, where we set up the degrees of freedom that can be used to the study of the Hamiltonian of the infinite system. These concepts are not merely mathematical, but they hide important and basic physical meanings. Typically the quantum systems are described in terms of spin and orbital degrees of freedom; for example a sixteen dimensional Hilbert space H A is often described as the Fock space generated by four fermion species c ↑ , c ↓ , f ↑ , f ↓ . This way to represent H A is based on the identification of an orbital quantum number, given by the indices c, f , and a spin quantum number, given by the indices ↑, ↓, that can be used to label the quantum states of a fermion. This means that the quantum states are labeled in terms of the algebra SU (2) spin ⊗ SU (2) orbital , together with other quantum numbers as the fermionic number (total charge). But this is a mere conventional choice. Indeed the classification of the states could be done, for example, in terms of the SU (8) algebra that embeds the spinorbital semi-simple subalgebra. This means, focusing on the projection SSH and ISH of S, for which the eight dimensional Hilbert subspace form two IRREPs. The basis states of such an IRREPs can be determined and labeled using the seven Cartan elements of SU (8), but to do it and to put in correlation the fermion based spin-orbital representation with this SU (8) hyperspin representation (information needed for any practical purpose), one must know have the multi-fermion representation of the generators of SU (8). In Sec. II we provided this information, showing that a possible choice for such Cartan elements (within L (4) 1/2 ) is:
1/2 from L (4) ; the previous operators are Cartan elements of S and they must be multiplied by (1 − ip max )/2 to give the ones of SSH (i.e., L (4) β ). Of course, since we are interested in describing observables, one should also multiply the operators by i, in order to obtain hermitian operators both in the case of S and of SSH (or ISH).
The crucial point is that as long as no Hamiltonian is defined the difference between the two representations based on SU (2) spin ⊗ SU (2) orbital and SU (8) is purely academic, but when a specific Hamiltonian is defined, then we should expect that the physics, via the subsequent possible breaking of the most general local (dynamical) symmetries, indicates uniquely the correct picture and therefore the most natural representation. The Hamiltonian determines, only on the basis of its own local symmetries (interactions), what are the most natural subalgebras, and therefore good local degrees of freedom, among the infinitely many possibilities. Of course this does not exclude the possibility to impose the conservation of other symmetries (such as time-reversal, charge conservation, etc...) excluding elements form the algebra of S.
This way of tackling the problem (which is clearly in the spirit of the spectrum generating algebra techniques) changes significantly the interpretation and the insight that one can have the quantum system. Moreover also from a operational point of view the scenario changes. In fact, classifying the basis states in terms of smaller and smaller subalgebras and choosing a representation of the quantum system (and of its Hamitlonian) based on these smaller subalgebras makes more and more difficult the identification and understanding of effects that involve their correlation, which is based on higher symmetry groups. A discussion about these problems can be found for example in Ref. 64 and references therein. These kind of situations, where the physics of the systems obeys symmetry groups that are higher than the ones implicitly defined by the standard formalism, are becoming more and more common and experimental set ups have already been realized 65 .
As we said at the beginning of this section, the study of quantum systems using more general symmetry groups is not a novelty in physics and in particular the concepts that we discussed in the previous paragraphs can all be related to the theories of spectrum generating algebras, dynamical symmetries and related topics 25 . Our claim is that, in the context of SCES, the use of such ideas is made much more easy and natural in the Majorana fermion representation, since the knowledge of L (n) allows one to think efficiently in these general terms, starting from the most general symmetry group able to describe the Hilbert space and letting the Hamiltonian determine what are the most appropriate subalgebras (and fermion degrees of freedom) to describe the system. In the Majorana representation, in the light of the results of Sec. II, it is possible to identify, define and easily handle these larger symmetry groups and algebraic structures. This helps the study on both a practical level, simplifying enormously the non-commutative algebras of the huge Lie groups, and on a conceptual level, removing the (often unjustified) asymmetries in the treatment of different quantum numbers that the standard formalism demands. It is the focus placed on the symmetries of the system and of the Hamiltonian that makes the holon-hyperspin representation particularly interesting and hopefully more efficient in the study of some relevant systems.
C. Correlated hopping models in the hyperspin formalism
To illustrate the convenience of the previous concepts, we propose here a discussion of the correlated hopping model analyzed previously in terms of holon-hyperspin.
Let us consider a Hamiltonian of the type (77) that is sent into itself by the non-linear transformation (75) with χ = π/2. One can rewrite the Hamiltonian in terms of holon and hyperspin operators via the following identifications:
where we assumed c † ↑ = (γ 1 +iγ 2 )/2 and c † ↓ = (γ 3 +iγ 4 )/2 and where we changed the normalization of the hyperspin operator for notational convenience. Some straightforward algebra leads to the following representation of the Hamiltonian:
If t 3 = 0, the Hamiltonian has a global SU (2) symmetry already mentioned and used in the literature 51 . The hyperspin representation makes it manifest and provides a neat way to understand it and make use of it.
The t 3 = 0 case is not the only SU (2) symmetric one 51 . In fact one can note that the choice (83) is not unique, but that an equivalent one can be obtained exchanging γ 4 with one of the other three Majoranas. For example exchanging it with γ 3 , which means using the transformation exp(πγ 3 γ 4 /2), one obtains the new definitions
It is convenient to use also the following transformations together with the previous one: exp(πγ 1 γ 2 /2) and exp(iπγ 1 γ 2 γ 3 γ 4 /2). The first is a normal rotation around the third axis of the hyperspin, while the second performs the transformation
All together they perform the following transformation:
Applying this non-linear transformation on every other site, for example only on the tilde operators in (84), one discovers that the Hamiltonian with t 3 = −2t 1 is mapped exactly into the Hamiltonian with t 3 = 0 and it is therefore SU (2) symmetric. One may wonder if similar situations can be found in multiband models. Such a question can be answered thanks to the results of Sec. II B and in particular to the identification of L 1/2 . Let assume that we are interested in finding an Hamiltonian that is SU (4) symmetric in the case n = 3, analogous to the Hamiltonian (85) with t 3 = 0 in the n = 2 case. We define our three fermions as in (D13). We know that an SU (4) hyperspin is defined in this case and it is built on a three fermion species model. This means that the orientations of the SU (4) hyperspin distinguish between the four odd particle numbers states |c , |f , |g , |cgf , if one holon present, and |cf , |f g , |cg , |0 if no holon is present. The generators can be easily found identifying a correct L 1/2 hyperspin algebra is given by the operators:
The sign in front of E 12 and E 14 is chosen for future convenience; all the signs can be generated properly, building a possible set for L
1/2 and multiplying all the elements that contain ρ 2 by ip max . The holon operators are instead
The operators (86) can be used to build an SU (4) symmetric Hamiltonian of the form:
This Hamiltonian is manifestly SU (4) symmetric, since the term 15 j=1 E jẼj , commutes with all the generations of SU (4):
The constant factor in E jẼj + 1 has been fixed consistently with (84), but it is not a strict requirement. A Hamiltonian that has exactly the same SU (4) symmetric form has been studied for example in Ref. 64 , as can be seen identifying the two su(2) commuting subalgebras {s i } and {t i } with {E 1 , E 4 , E 7 } and {E 8 , E 13 , E 14 } respectively. However in that situation the Hamiltonian was built in a n = 4 model and the orientation of the hyperspin was used to distinguish between the four different single particle states. Given this result the other SU (4) symmetric point can be found as in the n = 2 case, inverting ρ 2 with one of the other Majoranas. Moreover this Hamiltonian can be written in fermionic form, expanding the shorthand notation (88) in terms of Majoranas and rewriting it using the original c, f , g fermions, as done in Appendix D.
V. CONCLUSIONS
We have analyzed the structure of the group of canonical transformations of a lattice system with n fermion species. We have shown that using the Majorana fermion representation it becomes simple to determine the generators of the continuos part of the canonical transformation group. In particular we proved how the elements of the Clifford algebra generated by 2n Majoranas can close to Lie algebra, if properly multiplied by imaginary units. We have been able to characterize the different Lie subalgebras that compose the canonical group, providing also in this case a simple form for the generators and showing how the Majorana formalism is extremely convenient if one wants to work with non-linear transformations. We have also shown why the use of the canonical non-linear transformations can help in the analysis of the SCES, allowing for the definition of degrees of freedom that contain more of the correlated physics of the system, or helping in the determination of symmetries that may otherwise be difficult to discover. In this context the concept of holon and hyperspin has been defined, with respect to the algebraic structures previously introduced.
As example of the usefulness of this approach in the context of the SCES we reviewed briefly some applications that have been explored in previous works. Moreover we provided a brief discussion about correlated hopping models, since these kind of terms appear naturally using our framework. In this context the identification of the algebras formed by the generators of the non-linear transformations provides a powerful tool for the development of artificial Hamiltonians with specific symmetry properties and for the application of concepts such as dynamical symmetries, spectrum generating and degeneracy algebras to the analysis of SCES.
In this work we focused our attention only on the formalism itself. We hope that this manuscript may become a valuable guide to anyone interested to use non-linear methods in the context of the SCES.
Appendix A: The canonical group LCG In this appendix we will review the arguments originally presented in Ref. 3 , without focusing on the small four-dimensional local Hilbert space. Although many of the arguments were already outlined in the cited literature, we are going to generalize them to an arbitrary number of fermion species and to organize them in a form that is convenient for the development of the main part of the paper. Given a generic Hilbert space H of dimension 2 n , it is clear that the most general non-trivial unitary transformation acting on it belongs to the group SU (2 n ), since H is a complex vector space of dimension 2 n and the unitary transformation acts on it. Given a generic element U of SU (2 n ), represented by the standard irreducible 2 n × 2 n matrix x, the procedure outlined in Ref. 3 permits to represent it as a polynomial P (x) of normal ordered creation and annihilation operators, making use of the 2 n × 2 n Wenger's matrix m:
It follows that P (x)P (y) = P (xy) and P (x) † = P (x † ), which implies that the representation P (x) of SU (2 n ) is faithful. This can be proved by reduction ad absurdum. Let us assume that there exists a continuous set {x a } ∈ SU (2 n ) such that P (x A ) = 1, ∀x A ∈ {x a }. Thus, taken a generic element x B ∈ SU (2 n ) and x A ∈ {x a }, one should have
This means that {x a } is an invariant subgroup of SU (2 n ). Since SU (2 n ) is a simple Lie group, it contains no invariant subgroup, but the trivial one; therefore {x a } contains only the identity. It is clear that this demonstration can be easily adapted to a discrete set {x a } ∈ SU (2 n ) also. The implication P (x) = 1 ⇒ x = 1 means that the representation is faithful. In fact, assuming that P (x C ) = P (x B ) with x C = x B , then 1 = P (x B )P (x † C ) = P (x B x † C ), which means x C = x B , which is against the initial assumptions. The fermionic representation of the generic element U is more handy than the usual matrix representation x, when one is dealing with operators, since it permits to use the second quantization formalism in its full glory.
Automatically the previous properties permits one to prove that, independently upon the value of n, the commutation relations {c † i , c j } = δ i,j , with i, j ∈ {1, ..., n} are preserved by any unitary transformation U that belongs to SU (2 n ). In fact, taking a 2 n × 2 n matrix representation x ∈ SU (2 n ), remembering that xx † = 1, and that its action on an operator is
it is then clear that the group of transformations P (x) is composed (with the exception of x = 1) of only non-trivial canonical transformations, which means that {c n , with the exception of the trivial scalar, which is in fact generated by x = 1, given the faithfulness of the representation P (x). En passant we remind the reader that, since the transformation U is acting on the operators as (A2) and since a unitary transformation cannot change any matrix element, then U is also acting on the basis states |Ψ i of H, although a better representation of the group of transformations is given by the matrix form x, since we typically represent states of H as elements in a complex vector space.
As we mentioned in Sec. II, we require the fulfillment of the generalized constraint (2):
to define the local group of canonical transformations LCG ⊆ SU (2 n ), which acts on the local Hilbert spaces. Always following the arguments of Ref. 3 , it turns out that LCG is composed by all the P (x) built up using only linear combinations of an even number of fermionic operators P even (x). Given this information, the structure of LCG can be understood immediately. In fact it is clear that P even (x) contains all the operators that commute with the local parity operator P L . Reasoning backwards, it also means that we can define a subgroup of LCG as the subgroup of transformations U in SU (2 n ) that commute with P L . For reasons that will become clear later, we call this subgroup the continuous part of LCG. Immediately one can understand that if a U which belongs to this continuous part of LCG is represented as a matrix x acting on the basis states of H, then such a matrix must be block diagonal, with two blocks of equal size representing the action of U on the even parity states and on the odd parity states.
These even/odd subspaces are Hilbert spaces of dimension 2 n−1 . It is therefore evident that it is possible to act with two separate groups SU (2 n−1 ) on these separate subspaces. Since the constraint (2) is fulfilled by the demand that U does not mixes the two sectors, then all the transformations that act separately on the two sectors belong to the continuous part of LCG. So we must have that at least
It is convenient to point out here that the elements of LCG, which can be written down as P even (x) and form a continuous subgroup, admit also a more compact representation. In fact the elements x ∈ SU (2 n−1 ) can be represented as exp(−t i g i ), with t i ∈ R and g i antihermitian generators of the Lie algebra su(2 n−1 ). Considering that via (A1) the x can be represented as P even (x), it is evident that the generators g i must also be expressible as antihermitian combinations of objects built using only an even number of fermionic operators. Thinking in these terms, one realizes that a one dimensional subgroup is still missing in (A4). In fact by construction, among the transformations that belong to SU (2 n−1 ) ⊗ SU (2 n−1 ), there is no non-trivial transformation that can commute with all the the elements of SU (2 n−1 ) ⊗ SU (2 n−1 ). But, inside LCG, there exists a continuous group of transformations with this property, built up using the parity operator P L itself to create an antihermitian generator g(P L ). The group of transformations obtained in this way evidently belongs to LCG, but not to the SU (2 n−1 ) ⊗ SU (2 n−1 ) subgroup. Moreover it can be defined to be isomorphic to U (1) by construction. So the structure of the continuous part of LCG that we identified so far is
This is a maximal Lie subgroup 20 of SU (2 n ). Therefore, up to a finite number of discrete elements,
A careful analysis shows that there exist only one possible discrete transformations in LCG. This transformation exchanges particles-holes of one fermion specie and has therefore the structure of a Z 2 transformation, which inverts the parity of the system. All the other transformation can be obtained combining this exchange with a continuous transformations, as mentioned in Sec. II A. We will not analyze this discrete transformation in detail, but simply justify later in the text the presence of only one Z 2 transformation group.
where we used the notation (29) . The (−1) m comes from the squared values of the m shared couples. This leads to an explicit formula for [p i , p j ]: 
and clearly if both p i and p j didn't contain a specific Majorana then also in the commutator will not contain that specific Majorana. The only thing that should be fixed is the presence of the proper prefactor I(o q ) and ǫ µ1,...,µ 2(o i −m)−1 ,β1,...,β 2(o j −m)−1 on the r.h.s of (C4). Evidently it is possible to adjust this prefactor properly to make the r.h. Multiplying and dividing the r.h.s of (C4) by I(o q ) we can identify the correct antihermitian form of p q :
while c q ij is:
which is always a real number, as we mentioned previously. Summarizing the effect of the prefactor is:
Analogously one can check that
which is consistent with the known properties of the su(n) algebras 69 .
since the non-linear transformation acts uniformly on all the sites of the lattice. The operator in the exponent in equation (D9) may look like the total parity operator, but it is not. In fact, in this case, the total parity operator is given by the P tot = (−1)
α=1 γ α,r , with N the number of sites. It returns −1 if the total number of electrons in the system is odd, otherwise it gives +1. The operator P L = r γ 1,r γ 2,r γ 3,r γ 4,r is instead the sum of all the local parities. This quantity does not necessarily have to commute with the Hamiltonian (D5), but in this specific case (λ 1 =0) it does. In fact:
Since L is not hermitian we can build the two quantities
which are therefore conserved physical quantities. With our conventions the local parity is −1 for odd states and 1 for even states; therefore P L takes values from −N to N , with N the number of sites, and these values can change only by steps of 4 at fixed density. The two operators above are conserved separately, which means that P L is conserved modulo 8, because of the 2π periodicity of the trigonometric functions. This in turn means that the eigenstates of the Hamiltonian can be linear combinations of local states that differ by 8 in P L . Analyzing carefully the system, one realizes that this implies a conservation of the parity of the number of the doublons, which is the result mentioned in Sec. III C. This result is not particularly surprising, in the light of the cited literature 44, 51, 52 , where the doublons play an important role, also in the emergence of unconventional superconductivity. The identification of this symmetry plays therefore an important role in the understanding of the properties of the model and in the determination of "special" points in the Hamiltonian space that hide interesting physics.
If to the Hamiltonian (D5) are added a local Hubbard interaction term, a chemical potential, magnetic fields or Boguliobov terms, all these conclusions continue to hold, since all these terms can be written as even polynomials of local Majoranas and therefore they commute with L. We stress the fact that a great deal of our conclusions regarding the Hamiltonians (D5) were already drawn in the cited literature. We just commented them in our framework and linked them to the existence of the nonlinear discrete symmetry L = R χ=π/2 in a way that is suits our discussion and is suitable of generalization.
Indeed let us consider as example a three fermion species model:
As we have seen in Sec. II that in this situation there are many non-linear transformations, generated by the two set containing 15 operators each, of the form
which form the two algebras su(4), and by the operator
that generates the U (1) Hodge rotation. As the reader can see we omitted the trivial site index for sake of notation, since it is straightforward to understand the meaning of these and of the following formulas. In the objects α i , β i , the bilinear part leaves the hopping term untouched, since it causes only a linear combination of the fermionic operators. Thus the interesting part is quadrilinear component. In order to isolate them one can combine the α i and β i properly, obtaining: iγ 1 γ 2 ρ 1 µ 1 , iγ 1 γ 2 µ 1 µ 2 , ...
In the spirit of the n = 2 case, we are not interested in transformations that do not commute with local density terms, since they cause the appearance of terms similar to i sin(χ)(c † r,σ c r+1,σ − c † r+1,σ c r,σ ) into the Hamiltonian. Therefore we select the following set, Similar results are obtained in the bands f †f +f † f , g †g +g † g, if the labels c, f , g, A, B, C are properly exchanged. All these factors can be computed using the Majorana representation. The relation between the transformations A, B, C, generated by the quadrilinears, and the D one, generated by the hexalinear, can be generalized also to models with higher number of fermions: in general, the mappings associated with a non-linear transformation of higher order are obtained as a multiplication of the ones obtained from the quadrilinears (see Appendix E for the demonstration). We stress that this entire analysis is focused on the special choice of the value χ = π/2.
It is evident that a matrix representation as (D7) is very useful in this analysis and to determine the subspaces that are invariant under the four symmetry operations,as done in the n = 2 case. For example, consider the correlated hopping term multiplying c †c +c † c:
(n f +ñ f ) + t g 2 (n g +ñ g ) + t f 30 n fñf + t g 30 n gñg +t 31 n g n f + t 32ñgñf + t 33 n gñf +t 34ñg n f + t 41 n g n fñf + t 42ñg n fñf +t 43 n f n gñg + t 44ñf n gñg + t 5 n fñf n gñg .
It is easy to show that the form of the correlated hopping invariant under A, B, C and therefore D, is −t + t(n f +ñ f ) + t(n g +ñ g ) − t(n f +ñ f )(n g +ñ g ) +t 1 n fñf (n g +ñ g − 1) + t 2 n gñg (n f +ñ f − 1) +t 3 n fñf n gñg .
Assuming that the symmetry between the different bands is not broken, i.e., that the correlation hopping terms are the same on each band with an appropriate permutation of the indices c, f and g, the previous correlated hopping Hamiltonians conserve modulo 8, the quantities
as can be shown with the same arguments used in (D12). The first three quantities are related to the symmetries A, B, C, and their conservation has the same meaning as in the n = 2 fermion species case: the parity of the number of doublons on each pair of bands is conserved. Moreover, with some straightforward algebra and in the light of the results for the n = 2 case, it is possible to show that the number of the cf , cg and f g doublons is also conserved if in each band t 1 = t 3 = 0 or t 1 = 2t and t 3 = −2t 2 . If in one band these conditions are not met, then the number of two doublon species is not conserved; if these conditions are not met in two or more bands, then no doublon species has a conserved number. The fourth quantity in (D19), the sum of the local parities on each site, is related to the symmetry D. Such symmetry is preserved also if one adds the following correlation term to the previous one: t A n g n f (1 −ñ f )(1 −ñ g ) + t Bñgñf (1 − n f )(1 − n g ) +t C n gñf (1 − n f )(1 −ñ g ) + t Dñg n f (1 −ñ f )(1 − n g ).
This last term is sent into itself under D, but not under A, B and C. Naively one may expect that such symmetry is related with the number of triplons (coherent triple particle states analogous to the doublons) in the system. A straightforward calculation shows that indeed the total number of triplons is conserved in the subspace where t A = t B = 0 and all the other six parameters are unconstrained. So the conservation of the number of triplons does not (in general) rely on the conservation of the number of doublons. Anyway, the identification of the subspace that conserves the number of triplons and/or doublons, together with the identification of the non-linear symmetries of the Hamiltonian can be a first step towards the analysis of this three fermion species model, in analogy with the n = 2 case. The structure of this analysis does not change increasing the number of fermion species.
case, very much simplified by the use of the Majorana fermion representation that permits to identify proper Lie algebras and connect them to the fermionic representation in a straightforward way. Indeed, as we showed, building artificial (even very complciated) Hamiltonians that obey specific symmetries becomes very easy if one uses the Majorana fermion formalism
